SIMPLE ALGEBRAS OF DEGREE p: OVER A
CENTRUM OF CHARACTERISTIC p*

BY
A. ADRIAN ALBERT

1. Introduction. The study of normal simple algebras A over a field F
has been reduced to the case where the degree of 4 is a power of a prime p.
The theory then splits sharply into two cases distinguished by the hypothesis
that the characteristic of F is or is not p. We shall restrict our attention to
the former case.

It is well known that every normal simple algebra 4 over F is similar to
a crossed product B. But this result is of little aid in a study of 4, since in
fact the degree of B is in general not a power of . We shall prove here, how-
ever, that in our case every A is similar to a cyclic algebra whose degree is a
power of p.

If K is obtained from F by adjoining the p¢th roots of quantities of F
to F, for fixed e, then K is said to have exponent ¢ over F. We shall show that
the exponent of an algebra A is p* where e is the exponent of the above K of
least exponent, which splits 4. Moreover A has exponent p¢ only if 4 is simi-
lar to a direct product of cyclic division algebras D; whose exponents and de-
grees are equal to p* < p°, D, of degree pe.

2. Commutative division algebras over F. Let F be an infinite field of
characteristic 0 and K be a commutative division algebra of order » over
F. A quantity %k of K is called separablet or inseparable according as its
minimum equation has not or has multiple roots. We shall also say that K
is separable or inseparable according as K does not or does contain insepara-
ble quantities.

Every separable K is a simple algebraic extension Z =F(a) of F, where «
is separable of degree # over F. Conversely if « is separable so is any poly-
nomial in «, so that Z=F(a) is separable. We notice that then every sub-
field of Z is separable. Moreover if F(a?)# F(a) =Z, then a? =v has the prop-
erty that Z=2,(a), a? =v in Z,. But the equation a? =v is inseparable. Hence
we have

* Presented to the Society, September 13, 1935; received by the editors July 22, 1935.

t For these definitions and elementary properties see B. L. van der Waerden, Moderne Algebra,
vol. I. I believe they are due to E. Steinitz. See also Deuring’s Algebren, Springer, 1935, for refer-
ences to the numerous concepts used here. These are in the algebraic part of Deuring’s book and the
references are principally to work of Dickson, Wedderburn, Hasse, Brauer, Noether, and myself.
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THEOREM 1. Let Z =F(x) be separable of degree n over F. Then Z =F (x?).

The largest separable sub-field K, of an inseparable field X is a field whose
degree 7, is called* the reduced degree of K. Every quantity « of K has the
property
(1) a? = qp in Ko.

If moreover o is not in K, for some « of K we shall call e the exponent
of K. The field K is obviously obtained by adjoining certain p°th roots of

quantities of K, to Ko. If Ko=F we shall call K a Kummer field over F. We
now prove

THEOREM 2. Let Z be a separable field of degree m over a Kummer field K
of exponent e over F, and Z, be the largest sub-field over F of Z, Z contain K.
Then Z is the direct product

2) Z=27Zy XK,
Zo has degree m over F, Z is the field of all quantities o of Z, v in Z.

For Z=K () where £ is a root of a separable equation

3) fx) =2+ ax™ 1+ - +an=0 (a; in K),
irreducible in K. Thus n=£* is a root of
@ 8) = ym + by b =0 (b in F),

where b;=a,*. By Theorem 1 we have Z =K (1), so that g(y) is irreducible in
K. But then Z,=F(n) has degree #» over F and (2) holds. The largest separa-
ble sub-field of Z must contain Z, and is a field F(¢) = F({**) where {?* is ob-
viously in Z,. Hence Z, is the largest separable sub-field of Z.

The fields Z and Z, of Theorem 2 are equivalent under the correspondence
(not an isomorphism over F)

(5) ae—a” = ap (ein Z).

If B then ay#f, since a”—p7"=(a—B)* =0 only when a=8. Hence we
have immediately

THEOREM 3. Let Z and Z, be defined as in Theorem 2. Then Z is normal
over K with automorphisms

S: a— as
if and only if Zy is normal over F with automorphisms
S: ap — ap®, ap = a”, ap = (a5)7.

* See van der Waerden, loc. cit.
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CoRrOLLARY 1. The field Z is cyclic over K if and only if Z, is cyclic over F.

Let K be a simple Kummer extension of exponent e over F, so that
K=K,=F(y),y*"=vin F. Then

(6) Ki,>K.1>:--->K >Ky=F,
where
) ¥ =y, K; = F(y:).

The field K; has degree p‘ over F, degree p over K; ;,and 1, y;, - - -, y;#"!are
linearly independent in K;_;. In particular every quantity % of K has the form

8 k=ko+ bay+ - + kpay*! (ki in K,_1),
and, if ¢=p°"1, then

(9) B = ko4 kiyi+ -+ kil (k in F)

isin F if and only if ky=k;= - - - =k, 1 =0. Thus we have proved
THEOREM 4. A quantity k of K, generates K. if and only if k is not in K._,.
We shall require
THEOREM 5. Let Z be separable of degree m over K=K,=F(y), y**=y in F.
Then there exists a quantity ¢ in Z such that
(10) w = Nzx(c)
has the property K =F(w), that is, w generates K.
For Z=2Z,XK, Z,=F(x), x is a root of
p—1
(11) f(x) = X5 ai(x?)x* = 0.
=0

The polynomials ¢;(x?) have coefficients in F and at least one a;(x?) %0 for
i=r>0, since « is separable. Hence a,(A?y?) is a polynomial in y? with coeffi-
cients which are polynomials in A with coefficients in F. These latter poly-
nomials are not all identically zero, and thus there exists a Ao in F such that
ar()\o”y”) #07

p—1
(12) foy) = X biyt, b = a;(APy?)A¥ in K, 4.
e

The quantity f(Aqy) is not in K,_; and, if c=x—\oy, then
(13) gle) = fle+Ny) =c™+ Bie™ ! 4 - - - + Bpic + f(Aov) = 0.
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But
Nzik(e) = (— D™f(hoy) = w
is in K, and not in K,_;. By Theorem 4 we have K =F(c).
The field K, has degree p over K, y=F(y?) and, if é is in K. ;, and w is
as above, then éw is not in K,_;. This gives

THEOREM 6. Let Z be as in Theorem 5 and 6 be in K. Then there exists a
quantity ¢ of Z such that

(14) 50 = Nz/x(c)a
generales K, K =F ().

3. Matrices with elements in F. The theorems of the author’s paper* On
normal simple algebras hold for an arbitrary infinite field F although they
were derived for the case where F is non-modular. The extension to the more
general case may be made by the elementary considerations of the next three
sections.

The matrix
0 1 0 0
0 0 1 0
(15) A=1|- - -« ., a; in F,
0o 0 0 ---1
Qp OQOp1 Op_2 " Q1
has
(16) INL— 4| =¢Q) =A"—ad*!1— .- —a, =0

as its characteristic cquation. It may be easily verified that the identity
matrix I, A, A% - - -, A*! are linearly independent in any scalar field con-
taining F and that ¢(\) =0 is actually the minimum equation of 4. Moreover
every n-rowed square matrix with ¢(\) =0 as minimum equation is similar
inFtod.

Every matrix B with elements in F is similar to a matrixf

A,
(17)
4,
where 4, is a matrix whose characteristic equation is its minimum equation.

The characteristic determinants D;(\) of the A, are called the invariant fac-

* These Transactions, vol. 34 (1932), pp. 620-625.
t These are the classical results on matrices with elements in F,
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tors of B and D;_;(\) is divisible by D;(\), =2, - - - , ». Thus D,(4) =0, and
D;(\) =0 is in fact the minimum equation of the matrix B. It is evident that
a matrix B is similar to B if and only if B has the same invariant factors and
hence the same canonical form given by (15), (17) as B.

When D;(\) is irreducible we must have every D;(\) =D,()\), n =m» where
A has m rows. Thus

Ay
(18) B = . ,
Ay )

and B is similar to B if and only if B has the same érreducible minimum equa-
tion as B.

4. Sub-fields of M,. Let M, be the algebra of all #-rowed square matrices
with elements in F. If Z is a separable sub-field of M, and Z is equivalent to Z,
then Z=F(B), Z=F(B), where B and B have the same irreducible minimum
equation. Hence B=PBP-! where P is a non-singular quantity of M,, and
the inner automorphism of M,, defined by the transformation of its quanti-
ties by P, carries B into B. If CB=BC then

(19) C= (Cii) (l’yj = 1) ] V)

and C;;4,=A4.C;;. But it is known™* that then C,; is a polynomial in 4, with
coefficients in F. Hence the algebra of all quantities of M, commutative with
every quantity of Z is equivalent to a total matric algebra of degree » over Z,
n=mv, Z of degree m over F.

The above result cannot be extended to inseparable sub-fields K of M,
without further argument since the known proofs that Ci;;4,=A4,C;; if and
only if C;; is in F(4,) depend upon the hypothesis that A, has its charac-
teristic roots all distinct. Hence we must treat this case here. We first prove

LemMA 1. Let F(y) be a sub-field of M,, y»=v in F, F an infinite field of
characteristic p. Then the only quantities of M, commutative with y are quanti-

ties of F(y).
For we have seen that we may take

01 0---0

00 1---0
(20) y =

00 0---1

¥y 0 0---0

* Cf. the proof in Wedderburn’s Lectures on Matrices, pp. 26-27.
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Since F is infinite there exists a £ in F such that £=0, 1,---, p—1. The
matrix

§
1
(21) .= L
Etp—1
is non-singular and has the property yx=(x+1)y. An elementary computa-
tion then gives
[t -G+ DI —E+D]- - [s—GE+p -]
1:2---(p—1)

where e;; is the matrix with unity in the 7th row and jth column and zeros
elsewhere. Moreover it is well known™* that

(22) €11 =

(23) ei; = Y leyiTl.

But the relation yx=(x+41)y then implies that every quantity of M, is a
linear combination of the p? quantities

(24) xiyj (1:,]"=0, 1,"',1’—1)~
The algebra M, has order p%over F and hence (24) are linearly independent
in F. Thus 1, y, - - -, y»~1 are left linearly independent in the commutative

algebra F(x). This latter algebra is not a field, however.
We now write z=2_?"'a;(x)y’ and have

p—1
(25) 2y — 33 =2 [a(z + 1) — ai(®) ]y* = 0,
=0
so that a;(x) =a:(x+1), =0, - - -, p—1. But then the element of the first
row of a;(x) is a:(§)=a:((+1) so that a:(§)=a:((+1)=a:;((+2)= - --
=ai;(§4+p—1) and a:(x) is a scalar matrix. Hence z is in F(y).
We now prove

THEOREM 7. Let Z be any sub-field of degree m of M ,. Then the sub-algebra
of M. commutative with Z is a total matric algebra M, of degree v=nm=' over
Z, and any sub-field Z of M, equivalent to Z may be carried into Z by an inner
automorphism of M,.

The theorem is trivial when » =1. Hence assume it true for total algebras
M, of degree v <n.
Let Z, be the largest separable sub-field of Z. Then we have proved the

* Cf. these Transactions, vol. 33 (1931), pp. 690-711, formula (20) on p. 702. Formula (18) was
incorrectly printed there and should read e;;y*~1=¢;;.
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above theorem for Z, and hence may carry the sub-field Z, of Z into Z,.
Hence we take Zo=Z, and have proved that the algebra of all quantities of
M, commutative with Z, of degree m, over F is a total matric algebra of
degree no=mnmo~! over Z,. Every inner automorphism of M,, over Z, is an
inner automorphism of M, leaving Z, invariant and M,, contains both Z
and Z. If Zy>=F then no<n and we may carry Z into Z by an inner auto-
morphism of M.,,; the algebra of all quantities of M,, commutative with Z is
a total matric algebra of degree nemi! over Z. But Z has degree m, over
Zy, m=mmo, nom~'=nm'=p and the algebra of all quantities of M,
commutative with Z is M, over Z. Hence let Zo=F, Z be a Kummer field of
degree m=pu over F. Then Z has degree u over K =F(y), y»=vyin F.

The minimum equation of y is irreducible in F and Z>K =F(j), y» =7,
7 may be carried into y by an inner automorphism of M ,. Thus we take y =7,
K=K, and v in the form (18) with 4, given by (20). By Lemma 1 the sub-
algebra of M, commutative with y is M,  of degree vo=np~! over K. More-
over M,, contains Z, Z, and our induction states that there exists an inner
automorphism of M, carrying Z into Z, the sub-algebra of M,, commutative
with Z is M, over Z, v =vou~'=nm=1. This inner automorphism of M, is an
inner automorphism of M,, and M, is obviously the sub-algebra of M, com-
mutative with Z. This proves Theorem 7.

5. Simple algebras over F. Let 4 be a simple algebra of degree » over
its centrum F and let Z be a sub-field of degree m of 4. If Z, is the maximum
separable sub-field of Z then the sub-algebra B, over Z, of all quantities of
A commutative with every quantity of Z, is well known to be a simple alge-
bra of degree vo=nmq! over its centrum Z, of degree m, over F. But we may
in fact prove

THEOREM 8. The sub-algebra of A commutative with Z is a normal simple
algebra B of degree nm=' over its centrum Z. Moreover if Z is a scalar field
equivalent to Z then
(26) Az = M, X B,
where B over Z is equivalent to B over Z.

For it is obviously sufficient to prove the above theorem when Z,=F.
There exists a separable splitting field X of 4 and Ax =M, over X. But the
composite Zx =(Z, X) is evidently an inseparable field of degree » over X
and Theorem 6 states that the sub-algebra of Ax commutative with Zx is M,

over Zx. Evidently M, =By so that B is normal simple of degree v over Z.
The remainder of the proof is as in the non-modular case quoted™ in §3.

* These Transactions, vol. 34 (1932), pp. 620-625.
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6. Kummer splitting fields and cyclic algebras. Let F have characteris-
tic p and Q be a perfect extension of F. Then if 4 is any normal simple algebra
of degree p¢ over F the algebra A g is a total matric algebra.* The field @ may
be taken to consist of quantities § such that 7 is in F for some s depending
on 0, and thus every sub-field of Q of finite degree over F is a Kummer field
over F. In particular the sub-field K of Q, which contains all of the coeffi-
cients in the expression of an ordinary matric basis of 4¢ in terms of the
basal units of 4, has finite degree over F and splits A. We have proved

THEOREM 9. Every normal simple algebra A of p° over F of characteristic
p has a Kummer splitting field.

We next prove

THEOREM 10. If there exist no cyclic fields of degree p over F then there exist
no normal division algebras of degree p° over F.

For let D be a normal division algebra of degree p¢ over F. Theorem 9
states that there exists a Kummer field K such that K does not split D but
K(y), y»=+vin K, does split D. Thus D is similar to a normal division algebra
E of degree p over K which is split by K(y). The author has then provedf
that E=(y, Z, S) where Z is cyclic of degree p over K. By Theorem 2,
Z =Z,XK where Z, is cyclic of degree p over-F.

If F possesses no cyclic extensions of degree p over F, then Theorem 10
implies that every normal simple algebra of degree p¢ over F is a total matric
algebra. This case is then complete, so we shall henceforth assume that there
exist cyclic fields of degree p over F.

The author has shown} that our above assumption then implies that there
exist cyclic fields Z; of degree p/ over F for every f. Moreover if Z, is given
then there exists a cyclic Z,, e>f, such that Z. contains Z,.

In particular let f=¢—1. Then the author has provedf that

(27 Z.=F(x), ¥ =x4+a+4+ A (einZ,4,\inF),
with generating automorphism S given by that of Z, and
(28) xS =z + B.

The quantities ¢, 8 are uniquely determined quantities of Z._,, and the author

* These Transactions, vol. 36 (1934), pp. 388-394.

t See the paper On normal division algebras of degree p® over F of characteristic p, these Trans-
actions, vol. 39 (1936), pp. 183-188.

1 Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 625-631.
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has moreover proved that if a, 8, N are given, x»=x+a -4\ is irreducible in
Z.1, F(x)=Z, is cyclic of degree p¢ over F.

Our hypothesis that there exist cyclic fields of degree p over F then im-
plies that there exist cyclic algebras of arbitrary degree p¢ over F. The author
has proved*

LemMA 2. Let (v, Z, S) be cyclic of degree n=p¢ over F and Y be the cyclic
sub-field of Z of degree pe—*. Then
(29) (1, Z,8)P =M X M, X (1,7, 5).

As an immediate application of Lemma 2 we obtaint

THEOREM 11. Let A= (v, Z, S) be cyclic of degree p° over F of characteristic
p. Then Z is contained in a cyclic field Z of degree p*** over F, and the algebra

(30) B=(v,Z,5)
has the property
(31) A ~ B».

7. Theory of cyclic representations. A field F of characteristic p is said
to be perfect if there are no Kummer fields of degree p over F. Then there
are no normal division algebras of degree p¢ over F. This, combined with our
previous discussion, shows that the theory of normal simple algebras of de-
gree p¢ over F becomes trivial except when there exist both Kummer and
cyclic fields of degree p over F. We may therefore restrict our attention to this
remaining} non-trivial case, and have seen that there now exist cyclic and
Kummer fields of arbitrary degree p¢ over F.

A total matric algebra of degree p over F contains fields isomorphic to
any fields of degree p over F. Every normal simple algebra A4 of degree p
over F is either a total matric algebra or a normal division algebra, and the
author has shown§ that in the latter case 4 is a cyclic algebra if and only if
it has a simple Kummer sub-field of degree p over F. Thus we have the
case e=1 of

* See the American Journal of Mathematics, vol. 54 (1932), pp. 1-13, for my proof holding for
any field.

t Theorem 11 is false when F does not have characteristic p, since in fact the algebra
A=(,1,74,1), i?=42= —1, ji= —ij, over the field R of rational numbers, is not similar to B2 for any
B of degree 4 over its centrum R. Note also that A~ B, for normal simple algebras 4 and B, means
A=MXD, B=MyXD where D is a division algebra, M and M, are total matric algebras.

1 We have actually assumed that the field F does not possess a certain type of algebraic closure.
Such fields F of course exist and there do exist normal division algebras of degree p¢ over some
fields F.

§ These Transactions, vol. 39, loc. cit.
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THEOREM 12. A normal simple algebra A of degree p¢ over F is cyclic if and
only if A has a simple Kummer sub-field K =F(y) of degree p¢ over F.

For we now assume the above theorem true for algebras of degree
P, P2, - - -, pe~' and write yo=y*"", y;» =+ in F, K =F(y) of degree p° over F.
The sub-algebra of 4 commutative with y, is a normal simple algebra C,, of
degree pe—' over Ko=F(y,) by Theorem 8. The algebra C,, contains the simple
Kummer field K,(y) of degree pe—! over K, and the hypothesis of our induc-
tion states that C,, is a cyclic algebra (g, X, S) where X is cyclic of degree
pe~Lover K¢ and y is in K,. If d is any quantity of X and

(32) g, = NX/Ko(d)g)

then C,,=(g’, X, S). Hence Theorem 6 states that we may choose g’ to gen-
erate K,. Obviously C,,=C, so that we may write C,,= (0, X, S),

(33) yx = x5y (x in X),

without loss of generality.
Theorem 3 states that X =X, X K, where X is cyclic of degree p*~! over
Fand

(34) %o = xSy (20 in Xo).

The algebra Cx, of all quantities of 4 commutative with every x, of X, is a
normal simple algebra of degree p over F by Theorem 8. If Cx, is a total
matric algebra over X,, then Cx, contains fields equivalent to any field of
degree p over X,. But then A4 contains cyclic fields of degree p¢ over F with X,
as sub-field and is a cyclic algebra. Hence let Cx, be a division algebra.

The algebra Cx, contains the sub-field Ko=F(yo), yo* =7, and the author
has then proved* that Cx,= (v, Z, S) where Z=X(z) is cyclic of degree p
over X,

(35) 2? =z -+ a, voz = (%0 + €)¥o (a in Xy).
Also we may take
(36) e= (=1t = Txyr(B),

where (8 is given as in (28) and Tx,r is the trace function. The quantity y
transforms every quantity of X, into a quantity of X,and hence every quan-
tity of Cx, into a quantity of Cx,. We thus write

—1
(37) ¥¥o = Yo, yayt =z, = 2 byt (b; in Z).

1=0

* These Transactions, vol. 39, loc. cit.
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But obviously ¥z, = (z,+¢€)yo so that we have

p—1 p—’
(38) 2 bi(z + 936+ = eyo + 20 bi(2)yet.
=0 1=0
Thus bi(z+e€) =b; is in X, for i=1, - - -, m, while bo(¥o+€) =bo+e¢. Then

bo=kz+ 6 with % an integer and & in X, k(z+e€)+d=kz+ke+0=kz+0+te¢,
E=1,

(39) 2y =3+ P, Pin X = Xo(y0).
The transformation of z by powers of y then gives g=p1, y2=1y,,
(40) yi2y =2+ ¢ =z + Txx(P),

so that Tx/x(P—B)=0. The author has then demonstrated* the existence
of quantity Q in X such that

(41) B=P+0Q5—Q.
We write
(42) %, =240,

and have yx.y~1=24+P+4+Q%=x,48. Thus yex.yi!=x,+ ¢ satisfies a normed
equation x.» =x,+a, where (x.+8)? =x,+8+a.5,

(43) af —a,=p? —B.

But then F(x,) is cyclic of degree p° over F and 4 is a cyclic algebra.
Conversely let A = (v, Z, S) be cyclic of degree p¢ over F. From Lemma 2,
A=MX($,Y,S)where M is a total matric algebra and ¥ is the sub-field of Z
of degree ¢=p’ over F, §=\» for any A of F. The algebra (4, ¥, S) thus has a
simple Kummer sub-field F(yo), y02=48, and M XF(y,) contains a simple
Kummer field F(y), y»* =4, of degree p¢ over F.
As a consequence of Theorem 12 we have

THEOREM 13. Let A and B be cyclic algebras whose degrees are powers of the
characteristic p of F. Then A X B is a cyclic algebra.

For Theorem 12 states that B has a maximal simple Kummer sub-field
K.=F(y). We write Ax=(y1, Z, S) where Z is cyclic of degree p over K.
By Theorem 6 we may take y; to generate K and thus 4 ¢ has a simple Kum-
mer sub-field Ko=K (y,), ¥o**=y1. Obviously Ko=F(y,), yo2=28 in F, K, has
degree g=gp°t/ over F. But the degree of 4 XB is ¢ and 4 X B contains K.
Hence Theorem 12 states that 4 X B is cyclic.

* These T1ransactions, vol. 39, loc. cit.
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A further consequence of Theorem 12 is given by

THEOREM 14. A normal division algebra D of degree p’ over F is similar to a
cyclic algebra if and only if D has a Kummer splitting field of degree pe over F.

For by Theorem 12 algebra D has a Kummer splitting field of degree p°
over F when D is similar to a cyclic algebra.

Conversely let K split D. If K =F(y) is simple of degree p¢ over F, then
e>f and Theorem 12 states that D is similar to a cyclic algebra of degree p°
over F. Let then K=F(yy, - - -, ) of degree p¢ be a splitting field of D and
assume as the basis of an induction on 7 that our theorem is true for algebras
with Kummer splitting fields with at most »—1 generators. We may also
assume that no sub-field of K splits D. Then K,=F(y,) does not split D and
has degree p* over F, K=K,(ys, - - - , ¥,) has degree p—* over K,. Thus D is
similar to a normal simple algebra 4 of degree p¢ over F with K as maximal
sub-field. The algebra B of all quantities of 4 commutative with vy is a nor-
mal simple algebra of degree p—* over K, and is split by K =Ko(ys, - - -, ).
By the hypothesis of our induction B is a cyclic algebra (v, Z, S) over K,
with v in K,. Theorem 6 implies that we may take v to generate K, v =7,
and thus B contains a sub-field K(y), y* "=y, y**=§ in F. By Theorem 12
algebra 4 is a cyclic algebra.

As an immediate corollary of Theorems 13 and 9 we have our principal
result:

THEOREM 15. Every normal division algebra of degree p’ over F of charac-
teristic p is similar to a cyclic algebra of degree p°= p’.

8. Theory of exponents. A cyclic field Z of degree » =p" over F has the
generation Z =F(x) where x is a root of a (separable) cyclic equation of de-
gree v over F. Theorem 1 states that any quantity z of Z has the form

v
(44) g = Y aari-D 2 in F.
=1

As a consequence of (44) we may prove

THEOREM 16. The exponent p=p* of a normal division algebra D of degree
pe over F is the least integer p' such that f is the exponent of a Kummer splitting
field of D.

For D is similar to a cyclic algebra (v, Z, S) of degree v=p" over F. Let
K be a Kummer splitting field of D of least exponent f over F so that Dx
is a total matric algebra. Then v =Nz, x(20), where 2, is in Zo=Zk. The
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quantity z=2?is in Z if ¢=9" and hence y*9= N ,#(3). It is well known* that
then the exponent p = p¢ is at most p/, p <f.

Conversely let p=p¢. If ¢ =1 then y» =Nz r(z) where z in Z has the form
(44). Write

(45) B:i = a;

Not every B; is in F, for otherwise 2= ;8! is in Z, zo=2,
v?»=[Nz/r(z1) ", ¥ must be the norm of z, when F has characteristic . Then
D is a total matric algebra contrary to hypothesis. But K=F(3,, - - -,8,) has
exponent unity over F, 2=z where 2, is in Zx,y =N z,,x(21), K splits D. Thus
f=¢=1

We have proved Theorem 16 true for ¢ =f=1. Assume it true for algebras
of exponents p, p?, - - -, p*7., and let D have exponent p¢. The algebra D»
has exponent p¢—! and the hypothesis of our induction implies that D» has
a Kummer splitting field H of exponent ¢ —1. The algebra (Dy)? is a total
matric algebra so that Dy has exponent 1 or p. In either case Dy has a Kum-
mer splitting field K = H of exponent at most unity over H, and K has ex-
ponent Y <¢ over F. Obviously K splits D so that ¢ =y =f. But we have
proved that ¢ <f so that ¢ =f and our theorem is proved.

Let K be a Kummer field of degree p” and exponent unity over F. Then

1/p

(46) K=K,>K,.1>--->K; >K,=F,
where
@) Ki=Fla'®, -, a’" = Kia(a''”), a:iinF, G=1,---,7).

Obviously K,#=F(B,'/», - - - , B,}/?) for any B; in F and s <r. We now prove

THEOREM 17. Let A be a normal simple algebra of exponent p over F and pr
be the minimum degree of all Kummer splitting fields of A of exponent unity.
Then A is similar to an algebra

(48) Dy XDy X -+ XD,
where D; is a cyclic division algebra of degree p over F.

For we may assume that 4 is a normal simple algebra of degree " over
F with K as a maximal sub-field. If r=1 then K =F(al/?) splits 4 and the
author has shownf that then 4 is a cyclic algebra (v, Z, S) of degree p over F.
We make an induction on 7 and let H=K,_,. By hypothesis H does not
split 4, so that, by Theorem 8, the sub-algebra B of 4 of all quantities com-

“* American Journal of Mathematics, loc. cit.
t These Transactions, vol. 39, loc. cit.
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mutative with every quantity of H is a normal division algebra of degree p
over H. By our above case r=1, B= (a1, Z, S) over H and, since Z=Z,XH,
algebra B=(ou, Zo, S)XH =D, XH where D, is cyclic of degree p over F.
Thus 4 =D, XA, where 4, is a normal simple algebra of degree p—! with H
as a maximal sub-field. If 7, is the least integer for which 4, has a Kummer
splitting field of degree p" over F and exponent unity, then the correspond-
ing integer for A is at most 7,+1. Thus 7 <7,+1. But evidently ro<r—1,
r=79+1,r=r—1. By our induction 4;,=D; X - - - XD,, 4 has the form (48)
as desired.
We shall finally prove

THEOREM 18. Every normal simple algebra of exponent pe is similar to a
direct product of cyclic normal division algebras

(49) Dy X -+ XDy,

where the exponent and degree of D; are equal and at most p¢, and where D, has
exponent pe.

For we have the above result when e=1. Let us then make an induction
on e. The algebra A of exponent p¢ is such that A? has exponent p*—*. By
the assumption of our induction 4?~B;X - - - XB,, where B; is a cyclic
normal division algebra of degree and exponent p/i < pe-1. If p/i < pe~2 for all
values of 4, then the exponent of B;X - - - X B, is at most p*~2, a contradic-
tion. Hence we may assume that the exponent of B, is p¢~1. By Theorem 11
there exist cyclic normal division algebras D; of degree p/it! such that
Dy ~B;. Evidently D; has exponent p/i+'. Moreover

AP ~ AP,
where
Ay=Dy X -+ X D,.

But if 447 is reciprocal to 4,, the algebra (4441)? is a total matric algebra.
Either A4 is a total matric algebra and 4 is similar to 4., or AA¢! has
exponent p. In the latter case A4ii~D, 1 X - - - XD, where D,,; has ex-
ponent and degree p. Then

ANDIX"'XDty

as desired.

The above canonical form for 4 evidently yields an algebra of exponent ¢
if and only if algebra B of exponent p given by ¢=pe=!, B=D,2X - - - XD/,
is not a total matric algebra. Hence in (49) we assume that Dy, - - - , D, have
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degree and exponent p¢ while D,,4, - - - , D, have degree at most pe—1. We
write

D; = ('Yt'; Zi') Si), vi inF,

where Z; is cyclic of degree p¢ over F. Then it is known* that the degree of D;
is its exponent if and only if

B;= (v, Y5, 5)

is a division algebra, where ¥, is the unique sub-field of degree p of Z;. Thus
A has exponent p¢ if and only if B, X - - - X B, is not a total matric algebra.

9. A conjecture. The structure of a normal division algebra relative to
exponent has been in doubt since the author provedf the existence of primary
normal division algebras of degree eight and exponent four. The results of §8
completely solve the problem for normal division algebras of degree p¢ over
F of characteristic p. The only remaining case is that of division algebras of
degree p¢ over F of characteristic not p, since the study of normal division
algebras has been reduced to the case where the degree and exponent are a
power of a prime. For this case we may hope to prove the

CONJECTURAL THEOREM. A normal division algebra D has exponent p¢ only
if D is similar to a direct product of normal division algebras

Dl X A X.Dt)
where the exponent of D; is its degree p* < p¢, and D, has degree pe.

Thus the author’s example of an algebra D of degree eight and exponent
four may possibly be that of a normal division algebra D obtained by

M; X D =D, X D,

where D; and D. are normal division algebras of degree and exponent four,
M, is a total matric algebra of degree two.

The author has not attempted to prove the above conjecture, but its
proof is probably very difficult. It would be an important advance in the
theory, however.

* American Journal of Mathematics, loc. cit.
t Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 265-277.
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